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Gaussian Process

e A Gaussian Process is a continuous stochastic process {Y, : x € X} where
lev--wwn = (Yxla s aan)

is a multivariate Gaussian random variable.

e Gaussian process GP(m, k) is completely defined by its mean function
m(z) and covariance function k(z,z’).

e For every finite set of indices z1,...,2,, we have Yy, .. ~ N(my, K,),
where
k(:rl,:zzl) k(.’l?l,{Bn)
My = (m(1‘1), am(xn))Ta K, =
E(xp,z1) ... k(zn,xn)
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Gaussian Process Regression (GPR)

@ Goal: Learn a target function f: Q — R.

o Training samples D,, = {(z;,¥;)}, generated from an additive noise
model y; = f(z;) + €, € N N(0,02.,.) and ; KX with pdf p(z).

@ The true distribution of (x;,y;) is q(z,y) = p(x)q(y|z), where
q(ylz) = N(ylf (@), ofrne)-

@ The prior distribution Il over f is defined as a zero-mean GP with
covariance function k: Q2 x Q = R, i.e., f ~ GP(0,k).

@ The posterior distribution over f given training data D, is

(f|D |f model)dHO(f)

where Z(D,,) = [T, N(yil f(z:), 02 o qe1) o (f) is the marginal
lzkelzhood or model evidence and opodel 1S the sample variance in GPR.

@ In practice, we do not know the exact value of oy and our choice of
Omodel can be different from ogpye.-
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Generalization Error

@ The GP prior and the Gaussian noise assumption allows for ezact
Bayesian inference.
@ The posterior is also a GP with mean and covariance
m(x) = Kox (Kp 4+ 02 0q0ln) 'y, 2 € Q
k(z,2") = k(2,2") — Kox (K + 02 0qaln)  Kxar, 7,2 € Q,
where K, = KL, = (k(z1,2),..., k(:z:n,x))T, x=(21,...,2,)7,
Y= (yl; s 7yn)T~

@ The Bayesian generalization error is KL divergence between true density

and predictive density p,(y|z, D,) = [N (y|f(z), 02 4e) L (f|Dr),

e i .
(D) = [ oo og 5 G2 oty

@ The excess mean squared error is
M(D ) = E(In+1,yn+1)(m(xn+1) - yn+1)2 - Ut2rue
= By, (M(2n11) = F(2n11))™.
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Equivalence between GPR and Kernel Ridge Regression
(KRR)

o The kernel ridge regression (KRR) estimator is the solution to the
optimization problem

n

.1 2 2
f =argmin— g (xi:) —yi)” + A|gll5,, -
iy 3 (0 )" + Ml
@ Hjy is chosen to be an RKHS corresponding to kernel function k.
o The solution is f(z) = KL (K, + n\L,) 'y.
@ The solution of KRR coincides with posterior mean function of GPR

when 02 . = n\ [Kanagawa et al., 2018].
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Kernel Learning and Neural Networks

@ Training of infinite neural network is equivalent to kernel learning in some
circumstances [Lee et al., 2019, 2018].

e Cho and Saul [2009] showed that arc-cosine kernel is the NNGP kernel of
an infinitely wide shallow ReLLU network with two inputs and no biases in
the hidden layer.
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Figure: CIFAR-10 test accuracy for finite and infinite networks, from Lee et al. [2020].
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Spectrum of Kernel and Eigenexpansion of Target Function

@ Consider the integral operator corresponding to kernel k:
Ly: L*(Q,p) = L*(Q, p); (Lif)(x) = [o k(z,5) f(s)dp(s).

o Let (¢p(x))p>1 denote the elgenfunctlons of Lk and (Ap)p>1 the
corresponding positive eigenvalues with A\; > Ay > --- > 0.

o By Mercer’s theorem, k(z1,22) = 307 \pdp (1) pp(22).

o The target f(x) can be decomposed into the orthonormal (¢,(x))p>1 and
its orthogonal complement as

Zup¢p ) + pogo(x) € L3S, p),

where 1 = (po, 1, -+ 5 tps - - )T are the coefficients of the decomposition,
and ¢g(z) satisfies ||¢o(x)||2 = 1 and ¢o(z) € {Pp(x) : p > 1}+.

o Let A = diag{0,A1,..., Ap,...} and g = (o, f1, - - -, fp,--.)". We show
that the generalization error mainly depends on A and u.
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Assumptions

o (Capacity condition) The eigenvalues (Ap)p>1 follow a power law with
a>1:

Cayp @<\, <Chp™ ™

@ (Source condition) The coefficients (4p)p>1 of the decomposition of the
target function follow a power law with g > %:

|,up| < Cup_ﬂ and |/1';Di| 2 Cupi_ﬂ7 Vi1,

where {p; };>1 is an increasing integer sequence such that
Sup;>1 (Pit1 — pi) < 0.

@ The eigenfunctions (¢, (z))p>1 satisty ||¢pllec < Cyp™, Vp > 1 with
T < O‘T_l
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Assumptions

@ Related to the effective dimension of the problem and the difficulty of
learning the target function [Caponnetto and De Vito, 2007, Blanchard
and Miicke, 2018].

e Velikanov and Yarotsky [2021]:

» Derived the exact value of a when the kernel function has a homogeneous
singularity on its diagonal, e.g., the arc-cosine kernel.

» Gave examples of functions for which source condition is satisfied, such as
functions that have a bounded support with smooth boundary and are
smooth on the interior of this support, and derived the corresponding 3.

@ Romnen et al. [2019] showed that for inputs distributed uniformly on a
hypersphere, the eigenfunctions of the arc-cosine kernel are spherical
harmonics and the eigenvalues follow a power-law decay.
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Main result

Theorem (Asymptotics of the Bayesian generalization error, 1y = 0)

Assume that pio = 0 and 02,40 = Oprye = 0° = O(n') where 1 — 175- <t < 1.

Then with probability of at least 1 —n=9 over sample inputs (z;)7_, where

0<g< [a_(1+2721(a1;t)](25_1) , the expectation of the Bayesian generalization

error w.r.t. the noise € has the asymptotic behavior:

EcG(Dn) = S22 (T + %8 A= A3+ ZA) % + I+ 28) 7 wl)

).

(A-o)d=t) (1=28)1A=t)
= g%(‘-)(nmax{ @ v @ }

@ The exponent W captures the rate at which the model suppresses
the noise.

@ The exponent %}14)
target function.

captures the rate at which the model learns the

@ Sollich and Halees [2002] obtained a corresponding result for the
particular case when f ~ GP(0,k) and t = 0.
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Main result

Theorem (Asymptotics of the Bayesian generalization error, 1o > 0)

Assume that pio > 0 and 03,40 = Oprye = 0> = O(n') where 1 — 17%5- <t < 1.

Then with probability of at least 1 —n~7 over sample inputs (x;)"_,, where
0<g< [O‘*(HQTL%;’&)](%*U, the expectation of the Bayesian generalization
error w.r.t. the noise € has the asymptotic behavior:

1
EeG(Dy) = @Mg +o(1).

@ In general, if pg > 0, the generalization error asymptotes to a constant.

@ Hence, GPR can only learn functions within the span of eigenfunctions.
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Main result

Theorem (Asymptotics of excess mean squared error)
Assume 02,4 = O(n') where 1 — 1=%5- <t < 1. Then with probability of at
least 1 — n=% over sample inputs (z;)_,, where 0 < g < [o— (1+27)4(01¢2 9](28-1) ,
the excess mean squared error has the asymptotic:

model model T model

EM(D,) = (1 o(1)) | S (To(7 + 2 ) A = AL+ 20 )

+ I+ )l

loa-t  (1=28)(1-1) >
a}

(o4
[e% ’7’7,

_ 2
=0 ( max{og,,on

when po =0, and EcM (D,,) = p3 + o(1), when po > 0.

o In this result 02, and o, can be different.

@ The asymptotic of excess mean squared error is the same as Bayesian

. . 2 _ 2
generalization error when o7 1. = Tfue-
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Related results

@ By leveraging the equivalence between GPR and KRR, we can get the
same statement for the generalization error of KRR.

e Cui et al. [2021] derived similar asymptotics for KRR with Gaussian

design, where A}?@ (p1(2),...,¢r(x))) is assumed to follow a Gaussian
distribution N (0, Ag).
» Our assumption that the eigenfunctions are bounded by power functions is
more general.
> Our result is high probability result and is stronger than the expectation
result of Cui et al. [2021].
@ In the noiseless setting (oirue = 0) with constant regularization (¢t = 0),
Bordelon et al. [2020] showed that the mean squared error behaves as
1—-28
)

O(n =

» Our result is applicable to noisy data and non-constant regularization.
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Experiments
Let the input 2 be uniformly distributed on a unit circle, i.e., 2 = S and

p=U(SY).

kernel function « | activation function | bias

kv(vl)o bias 2(siny + (7 — 9) cos¢)) 4 max{0,z} no
k\(zvl)bias 2 (sine + (7 — ) cos ) 4 max{0, z} yes
kT e | 2(3singrcosy + (1 —9)(1+2cos?9)) | 6 | (max{0,2})*> [ mo
k:‘(f)bias %(3 singcos ) + (m — ¢) (14 2cos’¢)) | 6 (max{0, z})? yes
kS, bia 3 (sing) + (1 — ) cos ) 2 1(1 + sign(z)) no
k\(n?)bias %(simﬁ + (m — ¢) cos ) 2 %(1 + sign(x)) yes

Table: The different kernel functions of infinite shallow networks, their values of «,
the corresponding neural network activation function. Here ¥ = arccos ((z1, z2)) and

¥ = arccos (5 ((z1,22) +1)).

o Kernels corresponding to smoother activation function have faster decay
rate of the eigenvalues.

o It means that networks with smoother activation function are better at
compressing the noise, but less capable of fitting functions.
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Experiments

function value 154 uo | EeG(Dy)
f1 cos 20 +00 0 O(n=3/%)
f2 0° 2 >0 o(1)
fs (16] — m/2)° 2 0 | 6@
f w/2 -0, 0 € [0,m) 1 0 O(n=14)
—m/2—-0, 0¢€[-7,0)

Table: Target functions used in the experiments for the first order arc-cosine kernel

without bias ksvl/)o bias> their values of 8 and fi0, and theoretical rates for the

Bayesian generalization error from our theorems.

f f fa
13.6951n-0-2308
—— Experiment values

fi

N 2.07950-07675
—+— Experiment values

i
o

3.6454n06900
1071 | " —— Experiment values

s

Bayesian generalization error
Bayesian generalization error

Bayesian generalization error

Bayesian generalization error

1072 \ s
6. 3946,1700117 ~ N 3x10°
s -
—4— Experiment values 10-2 § 2100
102 10° 10? 10° 10° 10° 102 10°
Number of Samples Number of Samples Number of Samples Number of Samples
(1)

Figure: Bayesian generalization error for GPR with the kernel k_ /o bias and the target
functions. The orange curves show the linear regression fit for the experimental
values (in blue) of the log Bayesian generalization error as a function of log n.
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Experiments
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Figure: Experiment on the first order arc-cosine kernel without bias & Jo bias® Blue

curve is the target function f(0) = (|0 — 7/2)?. Orange curve is the posterior mean
and blue points are training samples.
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Experiments

function value B | wo | EG(Dy)

f cos 20 +oo | 0 | O(n=3/%)

fo 62 2 0 | O(n=3/1)

fs (16] — m/2)* 2 | 0 ]em>Y

I w/2—-60, 6€l0,n) 1 0 | em-1/1)
—m/2—-0, 0¢€[-m0)

Table: Target functions used in the experiments for the first order arc-cosine kernel

with bias, k‘(ﬁl )bias, their values of 8 and po, and theoretical rates for the Bayesian

generalization error from our theorems.

fa

0.7374n01001
—4— Experiment values

f f fs
1071

10° 17.9018n 06993
= —4— Experiment values

sxa0

107!

10

Bayesian generalization error

Bayesian generalization error

s 8

5 5

S S

% % 10~ 10-2 210

£107! - H 3.3806n-0-7149 3.0623n-0.7520

g g §10-3| —+ Experiment values —4— Experiment values

© 102 10° © 102 10° 102 10° 10? 10°
Number of Samples Number of Samples Number of Samples Number of Samples

Figure: Bayesian generalization error for GPR with kernel kf,vl )bias and the target

functions. The orange curves show the linear regression fit for the experimental
values (in blue) of the log Bayesian generalization error as a function of log n.
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Experiments

function value 8 o | EeG(Dy,)
f cos 260 +oo | 0 | ©n=°/0)
fo sign(0) 1 0 | ©(n~Y")
7, /2~ 1] > [0 [ )

w/2—0, 6¢€l0,m)

Cxjr—6, ocl-moy | 1|70 °W

fa

Table: Target functions used in the experiments for the second order arc-cosine
kernel without bias, k‘(f/)o bias) their values of 8 and pio, and theoretical rates for the
Bayesian generalization error from our theorems.
A

fi fs fa

s N 291050708833 £ e 2.9335n=0034 5 1.7114n-04728 g o

2 —4— Experiment values g . —+— Experiment values 2 . —— Experiment values %

%102 g S10-1 S s

- H i 10t

° g ° 4 17.6592n00363

] g ] % ,.0| —t— Experiment values

H £ £ H

® 107 10° ® 102 103 102 10° S 102 103
Number of Samples Number of Samples Number of Samples Number of Samples

. . . . . 2
Figure: Bayesian generalization error for GPR with kernel k‘(ﬂ/)o bias and the target

functions.
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Experiments

function value B8 o | EcG(Dy,)

f1 cos 26 +oo | 0 | ©(n>/5)

fa 62 2 0 | ©(n=1/?)

f3 (6] — m/2) 2 |0 ]6@m'?

1 w/2—0, 0€]0,m) 1 0 | om-1/)
—n/2—-6, 0¢€[-m0)

Table: Target functions used in the experiments for the second order arc-cosine

kernel with bias, k\(f )bias, their values of 8 and po, and theoretical rates for the

Bayesian generalization error from our theorems.
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'w bias

Figure: Bayesian generalization error for GPR with kernel k and the target

functions.
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Conclusion and Future Work

@ Described the learning curves for GPR for the case that the kernel and
target function follow a power law.

» This setting is frequently encountered in kernel learning literatures.
» The result can be applied to infinite neural networks.

@ In future work, it will be interesting to estimate the values of o and S for
some speific settings.

» The Neural Tangent Kernel (NTK) of deep fully-connected or
convolutional neural networks.
» Analyze the effect of data distribution.
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